Splay Trees

potential function for splay trees: X

> size s(x) = |Tx| T

> rank r(x) = log,(s(x))
> (D(T) = zveTY(v)

CLam- D) =0 lf\‘b)”\)

amortized cost = real cost + potential change

The cost is essentially the cost of the splay-operation, which is 1
plus the number of rotations.
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Splay: Zig Case

AP =
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Splay: Zig Case

A® =71 (x) +7v (p) —7r(x) —r(p)
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Splay: Zig Case

A® =71 (x) +7' (p) —7r(x) —r(p)

=7r'(p) —r(x)
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Splay: Zig Case

A® =71 (x) +7v (p) —7r(x) —r(p)

=7 (p) —r(x)
<¥'(x) —7r(x)
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Splay: Zig Case

AD =kr’(x% +7'(p) —r(x) —\r(p)>

=7 (p) —r(x)
<¥'(x) —7r(x)

Costzig < 1+ 3(r'(x) —7r(x))
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Splay: Zigzig Case

AP =7r'(x)+7 (p)+7v'(g) —r(x)—7r(p)—7(9)



Splay: Zigzig Case

AP =7 (x)+7 (p)+7v'(g) —7r(x)—-7r(p)—7(9)

=r'(p)+7v'(g) —r(x)—7r(p)



Splay: Zigzig Case

AP =7r'(x)+7 (p)+7v'(g) —r(x)—7r(p)—7(9)

=r'(p)+7v'(g) —r(x)—7r(p)
<r'(x)+7(g) —7r(x)—7r(x)



Splay: Zigzig Case

AP =71 (x)+7"(p)+7(g) —r(x)—7r(p) —-r(g)

=7r'(p)+7'(g) —r(x) —r(p)
<r'(x)+7r'(g) —7r(x)—7r(x)

=r'(x)+7'(g) +7r(x)=3r"(x) + 37" (x) —r(x) - 2r(x)



Splay: Zigzig Case

AP =71 (x)+7"(p)+7(g) —r(x)—7r(p) —-r(g)

=7 (p)+7v'(g) —v(x) —7(p)
<r'(x)+7(g) —7r(x)—7r(x)
=r'(x)+7'(g) +7r(x) = 3r"(x) + 31" (x) —r(x) - 2r(x)

=-2r"(x) +7'(g) +r(x) +3(r" (x) —r(x))



Splay: Zigzig Case

AP =7'(x)+7 (p) +7'(g) —r(x)—7(p) —7r(9)

=71 (p) +7v'(g) —v(x) - 7(p)

<r'(x)+7'(g) —r(x)—r(x)

=r'(x)+7'(g) +r(x) = 3r (x) + 3r'(x) —r(x) — 2r(x)
=-2r"(x) +7'(g) +r(x) + 3(r'(x) —r(x))

< -2+30"(x) -r(x))



Splay: Zigzig Case

AP =7 (x)+ 7 (p) +7v'(g) —v(x) —r(p) —r(9)

=7 (p) +7'(g) —7r(x) —7r(p)

<r'(x)+7'(g) —r(x)—r(x)

=r'(x)+7'(g) +r(x) = 3r (x) + 3r'(x) —r(x) — 2r(x)
=-2r"(x) +7'(g) +r(x) +3(r'(x) —7r(x))

<-2+3(r"(x) —7r(x)) = COStzigzig < 3(r'(x) —r(x))



Splay: Zigzig Case

%(T(X) +71'(g) - 21"(x))



Splay: Zigzig Case

%(T(x) +71'(g) - 21"(x))
_ 1
2

(log(s(x)) +log(s'(9)) — 2log(s'(x)))



Splay: Zigzig Case

%(T(x) +71'(g) - 21"(x))
_ 1
2
1l (S(X))+ 1log(S (g)>

(log(s(x)) +log(s'(9)) — 2log(s'(x)))

2

2 08 s'(x) s'(x)
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Splay: Zigzig Case

%(T(x) +71'(g) - 21"(x))

- Llog(sx)) + 10g(s' (g)) — 210g(s'(x)))

2
(x) 1 "(9)
g(;,();)) 710g<j'(i)>

T2
1s(x) 1s5(9)
=1 g<2 s’ (x) * 25’(x)>

2




Splay: Zigzig Case

%(T(x) +7'(g) - 2r’(x))

= %<1Og(5(x)) +1log(s’'(g)) — 210g(5’(x)))
s(x) 1 s'(g)
(o) + 2108 (Go)
1s(x) 1s'(g) 1
=1 g(gj(’;) N Ej’(i)> Slog(g)

1y
)




Splay: Zigzig Case

%(T(x) +71'(g) - 21"(x))

= l(log(s(x)) +log(s' () — 2log(s' (x)))

2
(x) 1 "(9)
g(;,();)) 710g<j'(i)>

T
1s(x) 15'(g) 1
< log(ij,();) + 5?6%) slog<§> =-1

2




Splay: Zigzag Case
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Splay: Zigzag Case

AP =7"(x) + 7 (p) +7'(g) —v(x) —7(p) —7(9)
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Splay: Zigzag Case

AP =7"(x) + 7 (p) +71'(g) —v(x) —7(p) -7 (9)
=7r'(p) +7v'(g) —r(x) - r(p)
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Splay: Zigzag Case

AP =7"(x) +7"(p) +7'(g) —7(x) —=7r(p) -7 (9)
=7 (p) +7'(9) —7(x) =7 (p)
v (p)+7'(g) —r(x) -7r(x)
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Splay: Zigzag Case

AP =7"(x) +7"(p) +7'(g) —7(x) —7(p) —7(g)
=1 (p) +7'(9) —r(x) -7r(p)
<7r'(p)+7r'(g) —r(x)—7r(x)
=7 (p)+7r'(g) —2r" (x) +2¥"(x) — 2r(x)
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Splay: Zigzag Case

AP =7"(x)+7 (p)+7'(g) —r(x)—1(p) —7r(9)
=7 (p) +7'(g) —7r(x) -7r(p)
<r'(p)+7r'(g) —r(x)—7r(x)
=r'(p) +7r'(g) —2r'(x) + 2r" (x) — 2r(x)
<-2+2(r'(x) —r(x))
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Splay: Zigzag Case

AP =7"(x)+7 (p)+7'(g) —r(x)—1(p) —7r(9)
=7 (p) +7'(g) —7r(x) -7r(p)
<r'(p)+7r'(g) —r(x)—7r(x)
=r'(p) +7r'(g) —2r'(x) + 2r" (x) — 2r(x)

<-2+2(r'(x) —7(x)) = COStzigzag < 3(r'(x) —¥(x))
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Splay: Zigzag Case

%(T’(v) +7'(g) - 27 (x))
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Splay: Zigzag Case

%(r’(v) +77(g) - 2r' (x))
1 <log(5'(p)) +1log(s’(g)) — 210g(s'(x))>

'[l([ 2 (I'U‘)) t l»a%))
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Splay: Zigzag Case

%(T’(v) +7'(g) - 2r’(x))

= %<log(5'(p)) +1log(s'(g)) — 210g(g'(x))>

1s'(p)  15'(9)
slog(ZS,(X) + 23’(x)>
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Splay: Zigzag Case

%(T’(v) +7'(g) - 2r’(x))

= %<log(5'(p)) +1log(s'(g)) — 210g(g'(x))>

1s'(p) 1s'(g) 1
= log<§j’(>€) i 5?6’2)) = 1°g<§>
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Splay: Zigzag Case

%(T’(v) +7'(g) - 2r’(x))
= %<log(5'(p)) +1log(s'(g)) — 210g(g'(x))>

15(p) | 15'(g) 1
<log (35700 * 2y ny) <loe(3) =1
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Amortized cost of the whole splay operation:

<1+1+ > 3(r(x)—7r-1(x))

steps t
=2+ 3(r(root) — ro(x))
< O(logn)
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7.4 Augmenting Data Structures

Suppose you want to develop a data structure with:

Insert(x): insert element x.

>
> Search(k): search for element with key k.

> Delete(x): delete element referenced by pointer x.
>

find-by-rank(£): return the {-th element; return “error” if
the data-structure contains less than £ elements.
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7.4 Augmenting Data Structures

Suppose you want to develop a data structure with:

Insert(x): insert element x.

>
> Search(k): search for element with key k.

> Delete(x): delete element referenced by pointer x.
>

find-by-rank(£): return the £-th element; return “error” if
the data-structure contains less than £ elements.

Augment an existing data-structure instead of developing a
new one.
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7.4 Augmenting Data Structures

How to augment a data-structure
1. choose an underlying data-structure

‘m 7.4 Augmenting Data Structures
Ernst Mayr, Harald Racke 188/209



7.4 Augmenting Data Structures

How to augment a data-structure
1. choose an underlying data-structure

2. determine additional information to be stored in the
underlying structure
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7.4 Augmenting Data Structures

How to augment a data-structure
1. choose an underlying data-structure

2. determine additional information to be stored in the
underlying structure

3. verify/show how the additional information can be
maintained for the basic modifying operations on the
underlying structure.
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7.4 Augmenting Data Structures

How to augment a data-structure
1. choose an underlying data-structure

2. determine additional information to be stored in the
underlying structure

3. verify/show how the additional information can be
maintained for the basic modifying operations on the
underlying structure.

4. develop the new operations
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7.4 Augmenting Data Structures

Goal: Design a data-structure that supports insert, delete,
search, and find-by-rank in time @ (log n).

1. We choose a red-black tree as the underlying data-structure.
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7.4 Augmenting Data Structures

Goal: Design a data-structure that supports insert, delete,
search, and find-by-rank in time @ (log n).

1. We choose a red-black tree as the underlying data-structure.

2. We store in each node v the size of the sub-tree rooted at v.
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7.4 Augmenting Data Structures

Goal: Design a data-structure that supports insert, delete,
search, and find-by-rank in time @ (log n).

1. We choose a red-black tree as the underlying data-structure.
2. We store in each node v the size of the sub-tree rooted at v.

3. We need to be able to update the size-field in each node
without asymptotically affecting the running time of insert,
delete, and search. We come back to this step later...
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